The usual action integral of classical electrodynamics is derived starting from Lanczos's electrodynamics -a pure field theory in which charged particles are identified with singularities of the homogeneous Maxwell's equations interpreted as a generalization of the Cauchy-Riemann regularity conditions from complex to biquaternion functions of four complex variables. It is shown that contrary to the usual theory based on the inhomogeneous Maxwell's equations, in which charged particles are identified with the sources, there is no divergence in the self-interaction so that the mass is finite, and that the only approximation made in the derivation are the usual conditions required for the internal consistency of classical electrodynamics. Moreover, it is found that the radius of the boundary surface enclosing a singularity interpreted as an electron is on the same order as that of the hypothetical "bag" confining the quarks in a hadron, so that Lanczos theory is engaging the reconsideration of many fundamental concepts related to the nature of elementary particles.
Introduction
One of the most fundamental equations of present-day physics, from classical electrodynamics to the Standard model of elementary particles, is the action integral for a charged particle in an external electromagnetic field
In this equation dτ and d 3 Ω are the proper time and three-dimensional volume elements; m and e the mass and charge of the particle; β = v/c its velocity and γ = 1/ 1 − β 2 ; while ϕ and A are the scalar and vector potentials, and E and H the electric and magnetic fields of the external electromagnetic field. Using this action, and a few additional postulates, it is possible to derive all of classical electrodynamics. Similarly, in combination with other additional postulates, equation (1.1) is used as an explicit or implicit input to derive the basic equations of quantum mechanics and field theory. However, in both cases, there are conceptual difficulties, such as ambiguities and infinities, which are still unsolved, despite the enormous practical success of present-day theory.
In his doctoral dissertation of 1919 Cornelius Lanczos showed that equation (1.1) could in fact be derived form a pure field theory, in which charged particles correspond to singularities in the Maxwell field interpreted as a biquaternionanalytic field generalizing to four complex dimensions the well-known Cauchy-Riemann theory of complex-analytic functions [1, 2] . Consequently, instead of (1.1) the most fundamental equation in Lanczos's electrodynamics is the action integral
where B = E + i H is the total electromagnetic field of all particles and external fields, and the invariant scalar BB the squared modulus of this total field. 1 In this paper it will be shown that not only is it possible to derive (1.1) from Lanczos's action (1.2) , but that this derivation is unambiguous and devoid of infinities. It will also be shown that in order to reach this conclusion it is necessary to properly define the boundary surface associated with the singularities, a field theoretical requirement which suggests a remarquable similarity between the structure of leptons and hadrons. 2 1 Since Lanczos's electrodynamics is a biquaternion (i.e., complex quaternion) field theory, we will use the quaternion formalism in this paper. However, as we will not make any detailed calculations here, readers unfamiliar with quaternions (i.e., compounds such as Q = s + V ) can interpret the quaternion algebra as an explicit whole symbol formalism combining scalars and ordinary vectors, in which all entities are either 4-vectors, such as the 4-velocity U = γ(1 − i β), the 4-potential A = ϕ − i A, the 4-gradient ∇ = ∂ ict + ∇, and the hypersurface elements that will be used in 4-dimensional integrations; or 6-vectors such as the electromagnetic field B = E + i H. The quaternion conjugation operation, i.e., Q = s + V = s − V , is equivalent to the tensor operation of raising/lowering an index so that the product QQ yields an invariant scalar. A few more quaternion definitions will be recalled in footnotes. For further details on quaternion notations and methods we refer the reader to the references given in [3] and [13] . 2 It should also be stressed that Lanczos's electrodynamics is the first example of a modern field theory in which there is no "mass term" in the fundamental Lagrange function, and where "mass" In this respect this paper is therefore a continuation and a conclusion of the commentary on Lanczos's dissertation that we had written in 1994, and which was published in the Lanczos collection [3] , 3 together with a facsimile of Lanczos's handwritten dissertation [1] . Since then we have made considerable progress in our understanding of Lanczos's electrodynamics and its relation to standard classical and quantum electrodynamics. In particular, one of the major problems we had in 1994 was that the sign of the mass coming out of Lanczos derivation, equation (10) in [3, p.2-21] , was difficult to understand and to accept. In fact that sign was correct, and our present understanding is that its interpretation -which we give in this paper -could be a major breakthrough in the explanation of the origin of infinities in electrodynamics.
Lanczos's derivation
The most striking difference between Lanczos's action integral (1.2) and the usual one (1.1) is the absence of an explicit "mass" (or "self-interaction") term of the form mc 2 dτ , as well as the absence of an "interaction" term featuring the scalar product eS[A e U] of the 4-potential A e of the external field by the 4-current eU of the particle: 4 There is only a "field" term which has the same form as the third term in (1.1). This is because Lanczos' electrodynamics is a pure field theory, which is fundamentally based on Maxwell's homogeneous equations
in contradistinction to the usual theory which is based on Maxwell's inhomogeneous equations where charges and currents are postulated to be the causal sources of the fields. Therefore, in Lanczos electrodynamics, there are neither charges or currents, but simply singularities which are changing their positions in threedimensional space in any continuous manner. 5 For instance, writing the field of some particle as B i , the action corresponding arises as a result of self-interaction or symmetry breaking. See, e.g., Steven Weinberg, A model of leptons, Phys. Rev. Lett. 19 (1967) 1264-1266. 3 In that commentary we did not write Lanczos's action (1.2) using the operator "Re" but used a slightly more general formulation which is not needed here.
to its interaction with a given external field B e will be Re 1 8π
which trivially leads to the expression
Therefore, in Lanczos's electrodynamics, provided all integrals are feasible and finite, the first and second terms of this expression should yield the mass and interaction terms of the usual action integral (1.1), which in quaternion notation translates to
The usual infinite electromagnetic self-interaction
In practice, if one takes for A i and B i the Liénard-Wiechert potential and field of an arbitrarily moving particle (which in Lanczos's electrodynamics are interpreted as the potential and field associated with a moving point singularity), i.e., 6
and if the integrations in equation (2.3) are made in the "standard way," that is as volume integrals over the whole of three-space, one finds out that in the general case both the mass and the interaction terms diverge. This is readily seen by calculating the mass term in the rest-frame of the particle, i.e.,
which, referring to (1.1) or (2.4), gives for the mass the divergent expression
3) 6 A i and B i are the potential and field at the space-time point X produced by a charge e located at the point Z. The 4-velocity U =Ż, as well as the retarded distance ξ = S[U(X − Z)], are evaluated at the retarded proper time τ r . The binary operator ∧ means that after making the quaternion product the scalar part is discarded so that the result is a vector.
According to the usual interpretation, which is prevalent since the end of the 19th century, this expression has two defects for our purpose: Not only does it lead to an infinite electromagnetic mass when ξ 1 → 0, but its sign is wrong. However, if for some reason (as is arbitrarily done in quantum electrodynamics) the infinite term is discarded, one obtains a mass which is finite and of the correct sign, provided ξ 2 is kept finite instead of made infinite. This observation (which we make with the benefit of hindsight) leads to the further observation that the infinite term in (3.3) could not be there in the first place. Indeed, if the integral (3.2) is made using distribution theory (or, equivalently in the present case, Hadamard's theory of "finite parts of an integral" [7] ) the result is mathematically equal to what is obtained by discarding the infinite term. This can be seen by making a change of parametrization such that the angular integration is made over half instead of the full sphere. The 3-space integration in (3.2) gives then
where the last step comes from taking Hadamard's finite part [7, p.787 ].
Calculation of the self-interaction term
While the previous section's calculation of a finite value for the mass term is fully satisfactory from a mathematical point of view, a physically more intuitive reason for that finite result derives from the pure field theoretical character of Lanczos's electrodynamics. The reason is that the "standard way" of calculating action integrals as volume integrals does not take the full nature of electromagnetic singularities into account -a point that Lanczos strongly emphasized in his doctoral dissertation: The four-dimensional integrations should be made in the spirit of field theory, that is as hypersurface integrals.
In principle, that is always possible since the homogeneous Maxwell's equations (2.1) enable to use Gauss's theorem to transform volume integrals into surface integrals. Moreover, calculating four-dimensional integrals as was done in the previous section, i.e., by going to the rest frame without taking causality explicitly into account, may lead to incorrect results -something that is less likely to occur when calculating surface integrals which by necessity require the boundary conditions to be explicitly considered and taken into account.
The difficulty with this approach is that defining and calculating four-dimensional hypersurface integrals can be conceptually and technically difficult. In fact, in his doctoral dissertation, Lanczos was not able (or possibly did not even attempt) to perform such integrations in the general case and to show that all three terms in (2.3) could be finite and in agreement with (1.1). Neither did he later return to this problem.
In our case, we were fortunate to find out that Paul Weiss (the particularly brilliant first Ph.D. student of Dirac) rediscovered the importance of general hypersurfaces in the calculation of four-dimensional quantum action integrals [5] , a point that opened the way to the later theories of Tomonoga, Schwinger, et al., which led to modern quantum electrodynamics -see references in [3] . In the same vein, Paul Weiss also developed powerful methods for the explicit calculation of four-dimensional surface integrals, using for this purpose the biquaternion algebra to make explicitly the spinor decomposition of four-vectors and six-vectors [6] . This formalism is particularly appropriate for the present problem because Lanczos's electrodynamics is a biquaternion field theory, and because Weiss's methods are designed to deal with arbitrarily accelerated motions. However, possibly at the expense of some technical difficulties, the same calculations may also be done using other methods or formalisms, which is why we do not show the details but only the major steps in the calculations.
We therefore return to equation (2.3) and rewrite it using Maxwell's equations (2.1), the relation between the four-potential and the field (3.1), as well as Gauss's theorem to transform the first two terms into hypersurface integrals, i.e.,
The next step is to chose an appropriate hypersurface enclosing the world line of the particle between two points corresponding to the proper times τ 1 and τ 2 . For this purpose, although due to Gauss's theorem any hypersurface bounding a causally connected four-volume could be used in principle, the most convenient one is Weiss's proper tube of constant retarded radius ξ 2 , 7 closed at both ends by the light cone erected at the times τ 1 and τ 2 . The advantages of this surface is that all calculations can be done exactly and consistently, because everything is expressed in terms of the invariant variables ξ and τ -the retarded distance and proper time which also appear in (3.1) -and because the closure of both ends of the proper tube by light cones insures that the boundaries define a causally connected subspace of spacetime. 8 Calculating the first (i.e., mass or self-interaction) term in (4.1), the contribution from the proper tube is found to be
and that from the two light cones
Therefore, by making a proper hypersurface integration, we find that while the contribution of the tube is finite (as could be expected), the divergence which was 1/ξ 1 for ξ 1 → 0 in (3.3) where the "standard method" was used, is now logarithmic and such that it cancels out for any value of ξ 1 and ξ 2 . Therefore, the contribution from the two end cones, equation (4.3), is also zero in the limit ξ 1 → 0, so that the total value of the mass term is equal to (4.2), which is finite.
Consequently, we have reached the conclusion that in Lanczos's electrodynamics the mass term is exactly equal to
where ξ 2 is the radius of a tube of constant retarded distance surrounding the worldline. Hence, as already observed in the previous section, if ξ 2 → ∞ we may identify the factor e 2 /2ξ 2 with the non-zero mass m in (1.1), a procedure which requires a justification that will be given after calculating the interaction term.
Calculation of the interaction term
To calculate the second (i.e., interaction) term in (4.1) it is necessary to remember that our goal is to derive the action integral (2.4) from Lanczos's action (2.2), and that the usual action integral, i.e., equations (2.4) or (1.1), implicitly assumes that the external field is "given," that is non-affected by the motion of the particle, and influencing the motion of the particle solely by its value at the position of the particle. Consequently, if the particle is assumed to be of vanishingly small size, there is an implicit assumption that the external field is slowly varying in the region close to it.
In principle this condition is satisfied by assuming (for the sake of the derivation) that the external field is constant, which has the advantage to simplify the calculation. However, if we postulate that Lanczos's electrodynamics is the more fundamental theory from which the usual action is derived, it is better to assume that the external field may vary in space and time, albeit in such a way that its variation over the region of integration close to the worldline is negligible. Since in our case this region is defined by the proper tube and cones this leads to the conditions
and
The contribution from the proper tube is then found to be
As can be seen, both contributions are finite if ξ 2 → ∞. Moreover, there is no divergence when letting ξ 1 → 0. On the other hand, there is an additional contribution of the form iξ 2U in (5.3), i.e., an "acceleration correction" to the four-velocity U, which is absent in the usual action (2.4). As a matter of fact, this extra contribution gave us a lot of trouble in the 1994 version of our commentary on Lanczos's dissertation [3] . However, in that commentary, we made the mistake of not closing the proper tube with end cones. Indeed, if we integrate by part the A eU term in (5.3), and then add (5.4) to (5.3), we get for the total interaction term
where the acceleration correction has disappeared and, instead, a contribution of the form iξ 2Ȧe has been added to the external potential.
If we now compare this final result to the interaction term in the usual action (2.4) we see this new contribution can be neglected because of the assumption (5.2), provided the radial integration is restricted to the interval ξ ∈ [0, ξ 2 ] and ξ 2 → ∞. Consequently, taking this assumption into account, we see that in Lanczos's electrodynamics the interaction term is
i.e., equal to the corresponding term in the usual action integral of classical electrodynamics.
The proper boundary postulate
All along this paper we have used the adjective "proper" to qualify algebraic quantities such as the proper time, and geometrical entities such as the proper tube, as a means to specify that these objects are consistently defined in accord with the principles of relativity and causality.
On the other hand, we have not yet given much consideration to the physical interpretation of the domains of integration and to their boundaries in relation to Lanczos's action principle (1.2), or more specifically (2.2) in our derivation of the action integral (1.1). In particular, we have implicitly assumed that the integrations in (2.2) should be made over all of three-space, i.e., that ξ 2 → ∞, while the identification of (4.4) and (5.6) with the mass and interaction terms in (1.1) strongly suggests that the ξ-integration should be truncated at a finite value ξ 2 . Therefore, the initial assumption that all integrations should be made over all of three-space should be questioned, because otherwise the mass term (4.4) will be zero, and the interaction term (5.5) possibly infinite.
In fact, quoting from Lanczos's dissertation: "If the field-theoretical point of view is correct, the boundaries must also have a field-theoretical meaning" [1, Chap.8] . This implies that the hypersurface surrounding the worldline that was used in the previous sections should have such a meaning. For practical reasons, and for consistency with the principles of relativity and causality, we took a proper tube closed at both ends by light cones. Nevertheless, due to Maxwell's homogeneous equations and Gauss's theorem, this hypersurface is equivalent to any other causally connected closed surface surrounding the worldline: The only difference is that after making the integrations some numerical factors in (4.4) or (5.6) could possibly be different. We therefore formulate the following postulate:
Postulate: (i) The proper boundary hypersurface to be used for each term containing a singular field B i in the action integral (2.2), i.e.,
1) is a proper tube of constant retarded distance closed at both ends by light cones; and (ii) the integration of these terms should be made over the inside of the subspace bounded by this tube.
This postulate provides a geometrical picture of a charged particle as a singularity enclosed in a surface: the proper two-sphere of constant retarded distance which transported along the worldline defines the proper tube. Consequently, such a particle has a basic property: An "inside" and an "outside" which can be related to the concept of coupling. Indeed, the second clause in the postulate, which implies that the ξ-integrals in (4.4) and (5.5) have to be made between 0 and ξ 2 , is equivalent to the assumption that the external field B e couples exclusively with that part of the field B i which is inside the proper sphere, just like it is only that part of B i which couples with itself in the self-interaction term. 9 However, this geometrical picture should not be taken as a model of the electron. In particular, the proper sphere is not the border of some kind of a physical object but an abstract boundary, which can be seen by noting that there is no discontinuity in the potential or the field at this boundary. Moreover, there is no relation between this picture and the Abraham-Lorentz electron modeled as a localized distribution of charge. On the other hand, if we let the radius ξ 2 → 0, the expressions (4.4) and (5.5) for the mass and interaction terms tend towards their usual expressions calculated in standard electrodynamics for a point charge, including the obnoxious infinite electromagnetic mass. 10 
Interpretation of the mass of a singularity
In the previous sections we have seen that Lanczos's electrodynamics applied to the motion of a singularity in an external field unambiguously leads to the expressions (4.4) and (5.6) for the mass and interaction terms, which fully agree with the corresponding terms in the usual action integral of classical electrodynamics (2.4), provided we make for the "mass" m the assignment
which implies that ξ 2 is equal to half the "classical electron radius," r e = e 2 mc 2 ,
if m is taken as the mass of an electron or positron.
This leads to the question of how to interpret this assignment, because (as seen in Section 3) the usual interpretation of the mass of a charged particle as its "electromagnetic mass," i.e., the mass associated with the energy in the electromagnetic field surrounding the particle, is incompatible with Lanczos's derivation: It would lead to a negative mass, which, besides, would be infinite if the energy density of the electromagnetic field is integrated between the location of the singularity and infinity.
In fact, it is only if the integration of the self-interaction term is made under the constraint that we have a true biquaternion-analytic singularity, i.e., such that we have to take Hadamard's finite part, or else to replace the volume integral by a hypersurface integral, that we get a mass of the correct sign; and only if the integration is made over a region bounded by a finite radius ξ 2 that we get a non-zero value for the mass (7.1). Therefore, when calculating the self-interaction term, the proper sphere of radius ξ 2 surrounding the singularity at every moment in its motion along the world line is acting as a boundary such that the energy within the proper sphere is equal to −mc 2 , which because of the minus sign in (1.1) yields the mass given in (7.1), while the energy in the field outside the proper sphere is equal to +mc 2 .
For this reason, the well-known fact that the mass given by expression (7.1) corresponds to the energy in the electromagnetic field surrounding the particle integrated between 1 2 r e and infinity is to be regarded as fortuitous, even though this occurrence may have some deep significance since the total energy obtained by integrating over the whole space is zero.
On the other hand, the negative energy within the proper sphere can be seen as a kind of "electromagnetic mass defect," which may be interpreted as a "binding energy" explaining why singularities are possible and stable in Lanczos electrodynamics. 11 However, considering that Lanczos's electrodynamics is a field theory engaging the reconsideration of many fundamental concepts related to electrodynamics and elementary particles, 12 it is better at this stage not to take such interpretations literally.
In this spirit, the interpretation of the mass m given by (7.1) is that it is simply the inertial mass of the singularity, i.e., the mass appearing in (1.1) if that action integral is taken as the fundamental equation of classical electrodynamics. 13 This interpretation is confirmed by other applications of Lanczos's electrodynamics, for instance the derivation of the Abraham-Lorentz-Dirac equation of motion [9] . Since this equation includes radiation reaction it cannot be derived from the action integral (1.1) without further assumptions. On the other hand, it is straightforward to derive it starting from Lanczos's electrodynamics [10] . In the course of this derivation it is found, as in the present case, that all integrals are finite and that there is no direct relation between m and the usual concepts of "electromagnetic" and "mechanical" mass. 14 Moreover, it is found that the radius ξ 2 to be used to get the inertial mass through an assignment of the form (7.1) is not 1 2 r e but 2 3 r e , which means that the radius appearing in (7.1) is not a "fundamental length," but a length on the order of the classical electron radius whose precise value depends on the problem under consideration.
In other words, the assignment (7.1) has to be understood as a simple normalization step by which the quantity obtained by integrating the self-interaction term in Lanczos's action integral (2.3) is set equal to the "experimental" mass, i.e., the inertial mass in the sense of D'Alembert [11, Chap.IV].
Therefore, contrary to the practice initiated in classical electrodynamics by Dirac [9] , and in quantum electrodynamics by Kramers [12] , there is no need for renormalization in Lanczos's electrodynamics. For instance, in the present derivation of the mass appearing in the the usual action integral (1.1), there is no need for the standard rule due to Dirac and Kramers, i.e.,
which comes from the iterative process of starting some classical or quantum calculation by using (either explicitly or implicitly) a principle such the action integral (1.1) -in which m is interpreted as a "bare" or "mechanical" mass m mec to be corrected (i.e., renormalized) by a (possibly infinite) contribution m ele at the end of the process. This is because our derivation is based on Lanczos's action 13 The mass m is then the factor multiplying the acceleration in the equation of motion which derives from the Lagrange function associated with the action integral (1.1). 14 In general the terms "mechanical mass," "material mass," and "inertial mass" are interchangeable and equal to the "experimental mass." However, when dealing with the concept of renormalization, as will be done below, the mechanical mass is used to refer to a non-electromagnetic contribution to the experimentally measured mass. integral (1.2) -where there is no "mass" term -or equivalently 15 Maxwell's homogeneous equations (2.1) -where there is no "source" term, so that there is neither a mass nor a charge to renormalize.
Finally, a truly unambiguous interpretation of mass in Lanczos's electrodynamics is provided by Weiss's derivation of the Abraham-Lorentz-Dirac equation of motion [6] . Indeed, using the quaternion methods he had developed for that purpose, Weiss obtained a fully independent (as well as mathematically and physically rigorous) derivation of that equation which avoids several pitfalls of Dirac's derivation -something that is still not appreciated today [13] . Moreover, since Weiss used only Maxwell's homogeneous equations and made only surface integrations, his derivation is in full accord with Lanczos's electrodynamics, of which he was totally unaware. In particular, he introduced a polygenic work function (i.e., a non-integrable differential, see [11, Chap.I ]) which enabled him to obtain the Abraham-Lorentz-Dirac equation of motion by means of a variational principle directly related to D'Alembert's principle, so that the mass appearing in his derivation is necessarily the inertial mass. 16
Conclusion
In this paper we have successfully completed the proof sketched by Lanczos, in his dissertation of 1919, of his claim that the usual action integral of classical electrodynamics (1.1) can be derived from his more fundamental action integral (1.2).
In the course of this derivation we have found that the mass term is exact and finite, and that the derivation of the interaction term requires the supplementary conditions (5.1) and (5.2) . These conditions can be united in the four-dimensional requirement r e ∂ ∂x n A e ≪ A e ∀τ ∈ [τ 1 , τ 2 ] , (8.1) which means that the external field must be slowly varying with respect to all four coordinates x n ∈ {τ, x 1 , x 2 , x 3 } over the full extent of the proper tube whose radius is on the order of the classical electron radius r e . Thus, as this requirement is equivalent to the well-known conditions for the internal consistency of classical electrodynamics, we have succeeded in driving both the usual action integral and these conditions from Lanczos's electrodynamics. 17 In this derivation an essential role is played by Lanczos's identification of Maxwell's homogeneous equations with the four-dimensional generalization of the Cauchy-Riemann analyticity conditions, which led him to postulate that electrodynamics is a pure field theory analytic over the biquaternion algebra. This postulate, summarized by equation (2.1), enables to replace four-volume integrals by three-surface integrals and to handle singularities in a consistent manner. It then turns out that the self-interaction integral leads to a finite mass term.
Consequently, in Lanczos's field-theoretical approach to electrodynamics the boundary conditions and the correct choice of the domains of integration are of fundamental importance, and essentially equivalent to the definition of the elementary physical objects described by the theory. This implies that the proper tube of finite radius surrounding the worldline has such a meaning. Since this tube is obtained by transporting a proper sphere along the worldline one is led to a remarkable observation, namely that the singularities in Lanczos's electrodynamics are necessarily associated in a fundamental way to a proper sphere, and that for electrons this proper sphere has a radius on the order of r e = 2.817 × 10 −15 m, which is (as has often been noticed) on the same order as the electromagnetic radius of protons and other elementary particles [14, p.791] . 18 
